We provide upper and lower bounds on the form factors for B → D, D * by utilizing inclusive heavy quark effective theory sum rules. These bounds are calculated to leading order in Λ QCD /m Q and α s . The O(α 2 s β 0 ) corrections to the bounds at zero recoil are also presented. We compare our bounds with some of the form factor models used in the literature. All the models we investigated failed to fall within the bounds for the combination of form factors (ω 2 − 1)/(4ω)|ωh A2 + h A3 |
I. INTRODUCTION
Currently, heavy-to-heavy form factors are mainly derived from models. Since models are used in Monte Carlos, which in turn feeds into studies of backgrounds and efficiencies in many experimental settings, constraining them is very important. Model independent information on the form factors can be obtained from the Heavy Quark Effective Theory (HQET). HQET [1] [2] [3] vastly simplifies the nonperturbative calculation of form factors by relating all of them in the infinite mass limit to a single universal Isgur-Wise function, ξ, which describes the nonperturbative physics of the light degrees of freedom in the heavy mesons. This function is normalized to unity at zero recoil, where the heavy meson in the final state has the same velocity as the initial one. Nonetheless, HQET does not predict the explicit form of the Isgur-Wise function.
Since it is not possible to calculate heavy-to-heavy form factors from first principles, the next best thing to do is to theoretically bound them.
1 A set of model independent bounds on form factors have been derived [5, 6] , and can serve as a consistency condition for phenomenological models. Bounds to O(1/m Q ) at arbitrary momentum transfer had been presented in [6, 7] for heavy-to-heavy and heavy-to-light form factors. However, as noted in [6] [7] [8] , the lower bound is sensitive to the perturbative corrections, and leading order in α s correction should be included to provide more reliable bounds. Therefore, in this work we present an analysis of the leading QCD corrections on the bounds of individual heavy-toheavy, more specifically B → D ( * ) ℓν, form factors. The information of these bounds will help us rule out unrealistic models, and may in turn be applied to certain decay amplitudes that are of interest.
This paper is organized as follows. In Section II, we review the derivation of the sum rules used to obtain the model-independent bounds on form factors defined in Section III.
Section III also gives the proper combinations of structure functions used later for the 1 See, however, [4] for model independent parameterizations of the form factors.
bounds on each of the form factors. In Section IV, we perform the tree level nonperturbative expansion and first order QCD perturbative calculation to eliminate the leading uncertainty in the bounds. Section V provides the bounds on individual form factors explicitly with the structure functions given in the Appendix, and discusses various influences of the parameters appearing in the expansion of the bounds. Some popular form factor models are compared with our bounds in Section VI. Order α 2 S β 0 corrections to the bounds at zero recoil are computed in Section VII. The conclusion of our work is summarized in Section VIII. The
Appendix lists the perturbative corrections to the structure functions.
II. REVIEW OF SUM RULES
The sum rules are derived by relating the inclusive decay rate, calculated using the operator product expansion (OPE) and perturbative QCD, to the sum of exclusive decay rates. In the following, we follow [6, 8] in the derivation of the bounds.
First, consider the time ordered product of two currents between B mesons in the momentum space,
where J µ is a b → c axial or vector current. After inserting a complete set of states and dotting with four vectors a * µ a ν , one obtains
where
and the sum over X includes the usual d 3 p/2E X for each particle in the state X. We choose to work in the rest frame of the B meson, p = M B v, and the z axis pointing in the direction of q. We will hold q 3 fixed while analytically continuing v · q to the complex plane.
is the H meson energy.
There are two cuts in the complex ǫ plane, 0 < ǫ < ∞, corresponding to the decay process b → c, and −∞ < ǫ < −2E H , corresponding to two b quarks and ac quark in the final state. The second cut will not be important for our discussion.
The integral over ǫ of the time ordered product, T (ǫ), times a weight function, ǫ n W ∆ (ǫ)
can be computed perturbatively in QCD [6, 8] . For simplicity, we pick the weight function
, which corresponds to summing over all hadronic resonances up to the excitation energy ∆ with equal weight. Relating the integral with the hard cutoff to the exclusive states requires local duality at the scale ∆. ∆ must be chosen large enough so that the structure functions can be calculated perturbatively.
Taking the zeroth moment of T (ǫ)
gives an upper bound on the matrix element.
The first moment of T (ǫ) gives
where E 1 denotes the first excited state that is more massive than H meson. Here the validity of the inequality relies on the assumption that multiparticle final states with less energy than E 1 contribute negligibly. This assumption is true in large N c , and is also confirmed by current experimental data.
A lower bound can be formed by combining Eqs. (3) and (4) to be
Therefore, we find the bounds
As emphasized in [8] , the upper bound is essentially model independent while the lower bound relies on the assumption about the final state spectrum. These bounds can be used for the decays at arbitrary momentum transfer q 2 and are good for both heavy mesons and baryons. (For baryons, a spin sum
S,S ′ needs to be included in front of the bounded factor.) 
III. HADRONIC SIDE
The hadronic matrix elements for semi-leptonic decay of a B meson into a pseudoscalar meson P or a vector meson V may be parameterized as
v ′ is the velocity of the final state meson, and the variable ω = v · v ′ is a measure of the recoil. One may relate ω to the momentum transfer
Therefore, with a proper choices of the current J µ and the four vector a µ , one may readily select the form factor of interest and the corresponding sum rule for bounding. In the heavy quark symmetry limit, these form factors satisfy relations [1, 2] 
To bound h A 1 (or h V ), one may choose J µ = A µ (or V µ ) and a µ = (0, 1, 0, 0). Then the factor to be bounded is
|h V (ω)| 2 and the sum rule used to bound is T 1OP E = T 1Hadronic . The corresponding first excited state more massive than D * that contributes to the sum rule is the J P = 1 + state, i.e. D 1 , since scalars do not contribute to
For h + , one may take
Then the factor to be bounded is
, and the combination of structure functions used in bounds is
Since a µ = v µ + v ′µ , the first excited resonance that can contribute in this case is D 1 , due to the ǫ µναβ structure of the D * form factor.
Similarly, a convenient choice to isolate h − is to choose It is impossible to single out h A 2 and h A 3 individually by any choice of a µ . One good choice is to take
is the combination for bounding
The first excited resonance that would contribute in this case would be the unobserved D * 0 .
IV. PARTONIC SIDE
Due to the heavy quark masses appearing in the problem, both the strong coupling constant α s (m Q ) (∼ 0.3 at 2 GeV) and Λ QCD /m Q will be good expansion parameters. Since ω is never very far from one, expanding in ω − 1 is also possible. We will keep terms up to
The structure functions can be decomposed as
where the term T
1/m i
contains the tree and Λ QCD /m Q contribution to the structure function, which has previously been calculated [9] [10] [11] . For these nonperturbative corrections, we keep the full ω dependence.
The leading order α s corrections consist of bremsstrahlung radiation of a gluon from the heavy quarks and one loop virtual corrections. We expand to first order in w − 1, defining
The final results for the functions U i and V i are presented in the Appendix. The perturbative corrections to T 1 were previously calculated in [12, 8] , and agree with the results found here.
We define the moments of the structure functions as
The moments of T
can be found in [5, 6] . The moments for the perturbative corrections can be straightforwardly obtained from the functions in the Appendix. One thing to be noted is that the integration variable ǫ in the bounds was defined in terms of hadronic variables. So when relating to the partonic computations, the corresponding integration variable should be changed to the one defined by partonic variables, namely,
The relation between them is ǫ h = ǫ p +δ, with δ = E c −E H +M B −m b and E c being the energy of the c-quark. We can now use these definitions to calculate the bounds on the form factors.
V. BOUNDS ON INDIVIDUAL FORM FACTORS
To form the bounds, one just takes the proper moments of the structure functions to form the combination required in the sum rules given in Section III. Corrections of order The sum rule for bounding (ω + 1) 2 |h A 1 (ω)| 2 /(4ω) uses T 1 with the axial-axial current.
The upper bound is simply the zeroth moment of T 1 , which is by Eq. (6) (ω + 1)
The variable λ used for regularizing infrared divergences in the kinematic region away from zero recoil disappears in the final result. The first moment of T 1 is needed for the lower bound, which is
The upper and lower bounds are shown in Fig. 1 . 
The lower bound is (ω + 1)
, where 
They are plotted in Fig. 3 . The perturbative physics pushes the bounds up from the tree level bounds in the region near the maximal momentum transfer while drags them down at large recoil. Changing ∆ from 1 GeV to 2 GeV only slightly loosens both bounds.
Without explicitly writing out the bounds on (ω − 1) 2 |h − (ω)| 2 /ω, we simply state that they can be obtained from Eq. zero since the factors we are bounding are all positive-definite. Using ∆ = 2 GeV in the calculation widens the upper bound by more than a factor of 2.
Similarly, the upper bound for (ω
, while the lower bound (ω 
The thick solid (dotted) curves are the bounds with perturbative corrections for HQET parameter set (A), and ∆ = 1 GeV (2 GeV). The dashed curves are the bounds without perturbative corrections, also for HQET parameter set (A). The thin solid curves show the dependence onΛ and λ 1 , using parameter sets (B) and (C), with ∆ = 1 GeV. 
VI. COMPARISON WITH MODELS
We choose from the literature the following commonly used form factor models for comparison with our bounds:
(1) ISGW2 Model [14, 15] , In Fig. 7 , the ISGW2 and NS models lie above the upper bound for (ω 2 − 1) |ωh A 2 + h A 3 | 2 /(4ω) at large recoil, while the other models are closer to our bounds.
For ∆ = 1 GeV they are above our bounds for most of the kinematic range. If we take ∆ = 2 GeV, however, they would be within our bounds. (ISGW2 and NS would still be too Only the ISGW2 model predicts a curve near our bounds for (ω 2 − 1) |h V | 2 , shown in Fig. 8 ; the rest are too small. The Light-Front and BSW II models will be between our bounds when the scale is set at ∆ = 2 GeV , but the NS and COQM models still fall below the lower bound.
As shown in Fig. 9 , the ISGW2 model agrees with our bounds for (ω + 1) since it uses heavy quark symmetry, which gives h − (w) = 0 in the infinite mass limit.
The scale we choose to plot these diagrams is ∆ = 1 GeV, since this gives the tightest bounds. Had we chosen 2 GeV as our working scale, the bounds would be much less stringent and thus would accommodate the models which originally fell slightly outside our bounds in these diagrams.
VII. ORDER α 2 S β 0 CORRECTIONS AT ZERO RECOIL By using the techniques introduced in Ref. [25] , we can calculate the α to the structure functions, T 
where α (V ) s is the strong coupling constant evaluated in the "V-scheme" [26] , and is related to the MS coupling constant α s by
We numerically calculate these corrections at zero recoil. In analogy to Eq. (14), we write the corrections to the moments of the structure as
where A moments are presented in Table 1 , for ∆ = 1, 2 GeV. The O(α 2 s β 0 ) contributions are often large, especially for ∆ = 1 GeV. This may be an indication that we need to go to larger ∆ to get a reliable perturbative expansion.
If we look at the actual combination of structure functions that appear in our bounds, the situation is more promising. The O(α 2 s β 0 ) corrections to the upper and lower bounds on the form factors at zero recoil are shown in Table 2 for ∆ = 1 GeV. In this case, the O(α 2 s β 0 ) corrections tend to be rather small, so it seems that the perturbative expansion for the bounds is under control.
VIII. DISCUSSION
As discussed earlier, our bounds on the form factors are derived to order Λ QCD /m Q and contain leading perturbative QCD corrections. They are constructed to be model indepen-dent and can be used to test various model predictions for the form factors. Furthermore, they may be used to bound inclusive or exclusive decay rates. The validity of the lower bounds requires the extra assumption of negligible multiparticle production in the decays.
This assumption is rather mild, since it is true in the large N c limit and is supported by current experimental data. The upper bound is rigorously valid without this extra assumption. Therefore, any significant deviation of the phenomenological form factor beyond the upper bound indicates the need for some modification of the model. In general, our bounds are stricter and more accurate near zero recoil.
The bounds become much less stringent when ∆ is increased. Therefore, we should use the smallest value of ∆ for which there is a reasonable perturbative expansion. We also observed that the O(α Among the models we considered in this work, the ISGW2, LF, and BSW II models "pass" most of the qualifications with ∆ = 2 GeV. For smaller values of ∆, ISGW2 seems to do the best. However, all models fail, over essentially the whole kinematic range, for the form factor combination ω 2 −1 4ω |ωh A 2 + h A 3 | 2 , and thus the models should be modified to satisfy this bound.
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APPENDIX: RADIATIVE CORRECTIONS TO THE STRUCTURE FUNCTIONS
The structure functions from perturbative corrections are written in the form T 
